Abstract-Even with the use of variable transformations, quantum-well (QW)-laser models based on the standard rate equations and a linear gain-saturation term can possess multiple dc solution regimes for nonnegative values of injection current. In this paper, we demonstrate analytically that rate-equationbased models that employ more realistic gain-saturation terms can be transformed so that they do indeed possess a unique solution regime. We also present circuit-level implementations of these models suitable for use in SPICE.
I. INTRODUCTION
A N important feature of rate-equation-based QW-laser models lies in their dc characteristics. A model often possesses multiple dc solution regimes, but only one of them is correct. The standard rate equations that use a linear gainsaturation term of the form ( ), where is photon density, possess three dc solution regimes. Javro and Kang [1] have reported that in most realistic applications the incorrect solution regimes can be eliminated by applying variable transformations to the rate equations. Specifically, nonphysical negative-power and high-power solutions are avoided when simulating the rate equations with a nonnegative injection current. This approach is particularly useful when dealing with circuit-level models, since without the transformations the user would have to coax the circuit simulation into the correct solution regime by specifying initial conditions and other simulation parameters [1] .
Unfortunately, as we will show here, the transformations proposed in [1] do not always remove the incorrect solution regimes from the standard rate equations. While new variable transformations do work under certain conditions, the equations still present difficulties that cannot be eliminated. In fact, for certain extreme cases, they possess unrealistic solution characteristics. The problem is mostly due to the use of the linear gain-saturation term. As is immediately clear from this expression, when the photon density exceeds , this term becomes negative. It is reasonable, then, to assume that rate equations using this term are really only useful for photon densities below this value. On the other hand, the more general expression of , originally suggested by Channin [2] , is valid for any value of . In fact, the linear expression is essentially a first-order Taylor-series expansion of this saturation term when is small. In [3] , Agrawal suggested another expression of the form which is also valid for . As we will show, either of these two nonlinear gain-saturation terms is suitable for obtaining models with a unique solution regime.
In this paper, we identify rate-equation-based QW-laser models that possess a single solution regime for any nonnegative injection current. The first model is the standard rate equations that use the gain-saturation term proposed by either Channin or Agrawal. The second model is the rate equations along with a third equation for carriers in the laser's separateconfinement-heterostructure (SCH) layer. In both cases, we show analytically that the transformations suggested in [1] produce models with a unique solution regime. We also describe circuit-level implementations of the models that can be readily implemented in SPICE.
II. LIMITATIONS OF RATE EQUATIONS THAT USE A LINEAR GAIN-SATURATION TERM
The rate equations discussed in [1] can be found in similar forms throughout the literature [4] - [7] . They are shown below
In the above equations, is the active region's carrier density, is the photon density defined later, is the laser output power, is the injection current, is the active region volume, is the gain coefficient, is the optical transparency density, is the phenomenological gain compression factor, is the carrier lifetime, is the equilibrium carrier density, is the optical confinement factor, is the spontaneous emission coupling factor, is the photon lifetime, is the differential quantum efficiency per facet, is the emission wavelength, is the electron charge, is Planck's constant, and is the speed of light in a vacuum. The photon density is defined as , where is the total 0733-8724/97$10.00 © 1997 IEEE [5] number of photons in the active volume and accounts for the fact that only photons in the active region are affected by gain or loss [8] .
Under dc conditions, (1)-(3) have up to three solution regimes for a single value of injection current . In addition to the correct nonnegative solution regime, in which the solutions for and are nonnegative when , there are also a negative-power and a high-power regime. In order to eliminate these nonphysical solutions, the following pair of transformations was introduced in [1] for and :
where is the voltage across the laser, is a diode ideality factor (typically set equal to two), is a new variable for parameterizing , is a small constant, is Boltzmann's constant, and is the laser's temperature. Equation (4) is a commonly used exponential relationship relating and . Both equations force and to be strictly nonnegative. Thus, by substituting (4) and (5) into (1)-(3), we have a new set of rate equations which have a dc solution for nonnegative injection current only if that solution yields nonnegative carrier and photon densities. Because under most conditions of interest the high-power solution regime corresponds to negative values for the carrier density, it would appear that (4) and (5) ensure that both of the nonphysical solution regimes are avoided. However, under certain conditions even the transformed rate equations cannot eliminate the high-power solution regime.
By rewriting (1) and (2) under dc conditions, we obtain two functions relating carrier density to photon density . The intersection points of these two functions are the valid solutions to the dc rate equations. The two functions are (6)
Using the laser parameters found in Table I [1] , [5] , we have graphed (6) and (7) in Fig. 1(a) for two different values of the injection current, 0.5 and 2.0 A. As we can see, for low enough injection currents, and will intersect at only one point where and . However, as the current increases, a second nonnegative solution may emerge, corresponding to the high-power solution regime. In Fig. 1(b) , we plot (6) and (7) after doubling the values of , , and and setting cm . In this case, we have used currents of 30 and 100 mA. As we can see, the nonphysical high-power solution emerges at even lower values of injection current than before.
Typically, the high-power solution regime should correspond to negative carrier densities. However, analysis of and shows that for currents greater than (8) the high-power solution regime actually yields positive carrier densities. Thus, a circuit-model implementation of the transformed rate equations proposed in [1] can still produce incorrect simulation results for high enough values of injection current. We performed an operating point analysis in SPICE for the circuit implementation of the transformed equations using the adjusted parameters of Fig. 1(b) . Injection currents of 100 and 200 mA produced output powers of 8.16 and 16.4 mW, respectively, both of which correspond to the high-power solution regime. Inspection of Fig. 1 does suggest an alternative transformation that would completely eliminate the high-power solution regime. The plot of shows a discontinuity that separates the normal-and high-power solution curves. This discontinuity occurs at a value of where . Thus, a transformation which would limit the photon density to values below would eliminate the high-power regime for all values of injection current. One such transformation is (9) Unfortunately, while (9) can produce a set of rate equations with a single solution regime, it does so only for certain sets of model parameters. However, two alternative forms of occur when and . Fig. 2(a) shows the first case, along with a plot of when mA. Fig. 2(b) shows the second case, along with when mA. While these cases are extreme, they do reveal intrinsic problems with (1) and (2), especially when . As Fig. 2 (a) demonstrates, not only can multiple nonnegative solutions exist for , but for certain values of injection current such as the one shown in the figure, a valid nonnegative solution does not exist at all.
As the discussion above suggests, the standard rate equations that use a linear gain-saturation term present two difficulties. First, under nonnegative current injection, multiple nonnegative solution regimes can occur even if the transformations suggested in [1] are implemented. Second, for certain extreme cases, no solution may exist. What is desired are rate equations that will have a single nonnegative solution for both carrier and photon densities for any nonnegative injection current. Fortunately, rate equations that use the more suitable gain-saturation terms mentioned earlier satisfy this criteria.
III. STANDARD RATE-EQUATION MODEL
WITH A SINGLE SOLUTION REGIME An alternative version of the standard one-level rate equations ensures that for a nonnegative injection current, exactly one solution exists with nonnegative carrier and photon densities. The equations treated henceforth are more generalized versions of (1) and (2) with the linear gain-saturation term replaced by the term proposed by either Channin or Agrawal.
The new equations are shown below (11) (12) (13) Equation (11) relates the rate of change in carrier concentration to the injection current , the carrier recombination rate , and the stimulated-emission rate. In order to account for different recombination mechanisms, where , , and are the unimolecular, radiative, and Auger recombination coefficients, respectively. Equation (12) relates the rate of change in photon density to photon loss, the rate of coupled recombination into the lasing mode, and the stimulated-emission rate. Unlike the photon density defined in Section II, in this case the photon density is defined as [9] , where is again the total number of photons in the active volume. Also, the coupling rate is generalized to allow coupling from any of the recombination terms, though in actual practice this coupling will typically only come from the radiative recombination. Thus, , where , , and are coupling coefficients. Finally, (13) relates the photon density to the output power . In the above equations, is the current-injection efficiency, is the number of quantum wells, is the volume of a single QW, is the optical confinement factor of one QW, is the group velocity of the lasing medium, is the photon lifetime, is the lasing wavelength, and is the output-power coupling coefficient. Note that we can convert (11)- (13) into a form analogous to that of (1)- (3), with missing from the stimulated emission term of (11) but included in the expression for , by using the definition for from Section II. Thus, both approaches are equivalent as long as the proper definition of is used.
In the above equations, the stimulated-emission rate includes a carrier-dependent gain term as well as the gain saturation term . While the gain term can take on a number of forms, we will consider only two, namely a linear term such as that used in (1) and (2), or a logarithmic gain term such as that proposed in [10] and used previously in other laser models [9] . The logarithmic gain has been shown to be an excellent expression for describing the actual relationship between the material gain and the carrier density. The two forms are
where is the gain coefficient per quantum well, is the optical transparency density, and is a factor obtained when linearizing the logarithmic gain around . Specifically, . The gain-saturation function can take on one of the following two forms:
corresponding to the expressions proposed by Channin and Agrawal, respectively, with the confinement factor added to account for the revised definition of . As mentioned before, (15a) is often used instead of the linear gain-saturation term [11] - [13] and, unlike the latter, is positive for all . Equation (15b) is an alternate form of the gain-saturation term for semiconductor lasers and is also applicable for . When is much smaller than , (15a) can be approximated by the linear form, as can (15b) with the exception of a factor of 1/2 in the value for . However, because they are suitable for a wider range of photon densities and lead to models with a single solution regime, either of these two expressions are superior to the linear form.
Despite the complexity of the above model equations, it is possible to show analytically that for any nonnegative injection current there can exist only one dc solution with nonnegative carrier and photon densities. After some rearrangement of (11) and (12) with , we get two nonlinear dc equations
Equation (16) is obtained via multiplication of both sides of (12) by . Equation (17) is obtained by combining (11) and (12) in order to eliminate the stimulated-emission term. Both equations implicitly define functions and , respectively, which map out their nonnegative solutions. The intersection points of these two functions are the nonnegative solutions to the dc rate equations. Thus, in order to establish the existence of a unique nonnegative solution regime, we need only show that for each these two functions have exactly one nonnegative intersection point.
First, consider the case . In this case, the only nonnegative solution that satisfies (17) is . When the carrier-dependent gain is linear, (16) [13] , [17] - [22] is logarithmic, is undefined at . However, the solution to approaches as . We could include a small additive constant within the logarithm in order to ensure that the gain is defined at ; however, in either case, we can claim that the only possible solution when is . When , the situation is more complicated. Because analytical expressions for and are not available, we need to show indirectly that they have a single intersection point. In Appendix A, we show that for either of the two forms of from (15), is differentiable and strictlyincreasing from the point (0, 0) for . Furthermore, we show that , which is only defined for values of in the interval , is strictly decreasing and continuous with and . Clearly, and will intersect exactly once at a nonnegative point within this interval. Thus, for each there exists exactly one nonnegative solution to the dc rate equations when the gain-saturation terms of Channin or Agrawal are used.
As an example of this fact, we have plotted in Fig. 3 the graphs of and when mA. We used the new model parameters of Table II , the logarithmic-gain term, and Channin's gain-saturation term. The figure clearly indicates that there is exactly one intersection point.
As we have shown, regardless of whether or not there are solution regimes with negative values for carrier or photon density, there is only one nonnegative solution to (16) and (17) when . Thus, it is possible to use the transformations of (4) and (5) in order to ensure that this solution regime is the only one that can be chosen during simulation. Using the approach taken in [1] , we have implemented an equivalentcircuit model based on (4), (5) , and (11)-(13) in SPICE. Unlike models based on the rate equations that use a linear gain-saturation term, this circuit model is applicable for all nonnegative values of injection current. It also supports a number of gain terms, including the logarithmic and linear expressions discussed above, as well as both forms of from (15) . Fig. 4 shows the circuit implementation of the model. This equivalent circuit can be obtained through suitable manipulations of the one-level rate equations and the variable transformations. Substituting (4) and (5) into (11)- (13) and rearranging, we obtain (18) (19) where and . After some additional rearrangement of (18) and (19) and the definition of suitable circuit elements, we obtain our final set of equations on which the circuit in Fig. 4 is based. After setting and using the fact that , the equations are These equations can be mapped directly into the circuit of Fig. 4 through a SPICE subcircuit that uses nonlinear dependent sources, with the general forms for the gain and gain-saturation terms replaced in actual practice by expressions from (14) and (15) . Diodes and and current sources and model the linear recombination and charge storage in the device, while and model the effects of additional recombination mechanisms and stimulated emission, respectively, on the carrier density. and help model the time-variation of the photon density under the effects of spontaneous and stimulated emission, which are accounted for by and , respectively. Finally, produces the optical output power of the laser in the form of a voltage. Because the model is implemented as a subcircuit and not embedded within SPICE itself, it lends itself well to implementation by the average user. At the bottom of the next page we give an example of a SPICE input deck that implements such a subcircuit using the logarithmic gain term and Channin's gain-saturation term. In addition to the parameters of Table II, we set cm , , and . We also have included a small constant, 10 60 , inside the gain's logarithmic term in order to ensure that it is defined when . Specifically, we use .
IV. TWO-LEVEL RATE-EQUATION MODEL
In recent years a number of more sophisticated rateequation-based QW-laser models have been introduced which account for carriers in the SCH layers of the laser by introducing additional rate equations [9] , [13] - [16] . These models can therefore account for the transport of carriers across the SCH layer as well as carrier capture and emission by the QW's. In addition to the simple model presented in Section III, we have implemented a more complete QW-laser model which includes a third rate equation that accounts for carriers in the SCH, or barrier, layers. We have analyzed this model and again found that a single nonnegative solution regime exists for nonnegative injection currents. The model equations, based on those found in [13] - [16] , are (31) (32) (33) (34) Equation (31) is the rate equation for carrier density in the SCH layer and relates its rate of change to the injection current , the SCH recombination rate, and the carrier exchange between the SCH layers and QW's, namely the rate of carrier capture and emission by the QW's. The recombination rate is where , , and are the unimolecular, radiative, and Auger recombination coefficients, respectively, in the SCH layer. Equation (32) is a modified version of (11) which now accounts for the carrier exchange between the SCH layers and QW's, with the currentinjection term replaced by the capture rate of carriers from the SCH layer and a new term for carrier emission from the QW's. Equations (33) and (34) are the same equations for photon density and power as found in the simple onelevel model of Section III. Again, the gain and gain-saturation terms of (14) and (15) are used in the model. In addition to the recombination parameters for the SCH layer, the new model parameters include the SCH-layer volume , the QW carrier-capture lifetime , and the QW emission lifetime . As was the case with the one-level model, we would like to establish analytically that (31)-(34) have a single nonnegative solution for each . If , then under dc conditions (31)-(34) reduce to the one-level model of -************************************************************************ = + + + ************************************************************************ (11)- (13 . Thus, it is clear that within the interval , and will intersect exactly once, corresponding to a nonnegative solution for and . In Appendix B we also show that (35) and (36) define a nonnegative function which maps out the corresponding solution for . Thus, for every there exists exactly one nonnegative solution to the two-level dc rate equations. Consequently, the two-level model of (31)-(34) has a single nonnegative solution for when the gain-saturation terms of Channin or Agrawal are used instead of the linear expression.
Using the model parameters from Table II , the logarithmicgain term, and the gain-saturation term of (15a), we have plotted in Fig. 5 both and for mA. The parameters, taken from [9] and based on data extracted from a number of sources [13] , [17] - [22] , are for a 300 2.5 m single-QW laser with an 8-nm In 0.2 Ga 0.8 As QW and 300-nm Al 0.1 Ga 0.9 As SCH layers. The QW capture lifetime in this case is actually the transport time across the SCH region. The photon lifetime was calculated using the expression from [23] where internal cavity loss 4.3 cm 1 , facet reflectivity 0.32, and cavity length 300 m. The output-power coupling coefficient was determined using from [23] . As expected, the figure shows that there is exactly one intersection point, corroborating the above analysis. Note that Fig. 5 is nearly identical to Fig. 3 because the additional effect of recombination in the SCH layers has a minimal impact on the dc characteristics for this particular set of model parameters.
As was the case with the one-level equations, the single nonnegative solution regime of (31)-(34) allows us to apply variable transformations to ensure that only this regime is chosen in simulation. We have implemented in SPICE equivalent-circuit models of the two-level equations that employ such transformations. Like the one-level model, our two-level implementation is valid for all . Equation (5) was again used for the output power , while the SCH and QW carrier densities were transformed using (37) and (38) In this case, and are the equilibrium carrier densities in the SCH and QW's, respectively, while and are the corresponding diode ideality factors.
is the voltage across the QW's. In reality, any transformation which would limit to nonnegative values would have been sufficient, since this variable is implicitly solved within the rate equations and is not directly related to any external currents or voltages. A more realistic relation between and could have been used, such as that derived by considering the two-dimensional (2-D) effects in the QW [24] . However, because this does not restrict to nonnegative values, we chose the simpler expression of (38). Fig. 6 illustrates the two-level circuit implementation, whose equations are obtained via straightforward manipulations of the corresponding rate equations and transformations. Substituting (5), (37), and (38) Here we have used the fact that and . Note that in actual practice the gain and gainsaturation terms should be replaced with expressions from (14) and (15), respectively.
These equations can be mapped directly into the circuit of Fig. 6 . , , , and now describe charge-storage and carrier capture for the SCH carriers, while represents SCH recombination and accounts for carrier emission from the QW's. , , , and represent chargestorage and carrier emission in the QW's, while and account for the effects of recombination and stimulated emission, respectively.
represents carrier capture by the QW's. Finally, the lower two circuits describe the photon density dynamics and output power from the device.
-********************************************************************** + + + + + + + ********************************************************************** At the top of the page we give an example of a SPICE input deck that implements the circuit of Fig. 6 using the logarithmic gain and Channin's gain-saturation term. In addition to the parameters of Table II, we set  cm ,  ,  cm , , and . We again have included 10 60 inside the logarithmic term of the gain expression. Examples of dc and transient simulations of the circuit are plotted in Fig. 7 . The transient curve is the output power of the laser in response to an input current varying between 10-12 mA with 100 ps rise and fall times.
V. CONCLUSION
We have shown that the rate-equation-based QW-laser model with a linear gain-saturation term proposed in [1] has limitations in circuit simulation due to the persistence of multiple nonnegative solution regimes during nonnegative current injection. However, we have also shown through rigorous analysis of both the one-and two-level rate equations that alternate models using the gain-saturation terms of Channin or Agrawal do not suffer from this problem and do indeed have a unique nonnegative solution regime. In fact, it is possible to generalize the approach to any gainsaturation term of the form where . Finally, we discussed circuit implementations of the model equations which are suitable for use in SPICE. The two-level implementation is particularly useful due to the increased use throughout the literature of the two-level rate equations.
APPENDIX A DESCRIPTION OF dc SOLUTION CURVES FOR THE ONE-LEVEL MODEL
In this appendix, we discuss the relevant features of and from the one-level model of Section III that are necessary for establishing a unique nonnegative intersection point when . We assume that at least one of the products , , or is positive so that , , and are nonzero when . The function is implicitly defined by (16), , such that when , and
. As we will show shortly, approaches 0 as , so we may define , which is exactly true when the linear gain term of (14b) is used. Because has exactly one positive root for when takes on any arbitrary positive value, maps out all of the nonnegative solutions to (16) .
In order to obtain additional information about , we need to establish its continuity and differentiability for all . These features can be demonstrated by considering the partial derivatives of and then using the Implicit Function Theorem of calculus [25] .
is defined everywhere within the region and has partial derivatives and that are continuous in this region. These partial derivatives with respect to and are 
